Effect of inter-edge Coulomb interactions on transport through a 
point contact in a z/ = 5/2 quantum Hall state 
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PACS 73 . 43 . -f - Quantum Hall effects 
PACS 73 . 43 . Jn - Tunneling 

PACS 71 . 10 . Pm - Fermions in reduced dimensions (anyons, composite fermions, Luttinger liquid, 
etc. 

Abstract. - We study transport across a point contact separating two line junctions in a = 5/2 
quantum Hall system. We analyze the effect of inter-edge Coulomb interactions between the chiral 
bosonic edge modes of the half-filled Landau level (assuming a Pfaffian wave function for the half- 
filled state) and of the two fully filled Landau levels. In the presence of inter-edge Coulomb 
interactions between all the six edges participating in the line junction, we show that the stable 
fixed point corresponds to a point contact which is neither fully opaque nor fully transparent. 
Remarkably, this fixed point represents a situation where the half-filled level is fully transmitting, 
while the two filled levels are completely backscattered; hence the fixed point Hall conductance is 
given by Gh = /h. We predict the non-universal temperature power laws by which the system 
approaches the stable fixed point from the two unstable fixed points corresponding to the fully 
connected case (Gh = |e^//i) and the fully disconnected case {Gh ~ 0). 



In the last few years, there has been an upsurge in re- 
search on quantum HaU (QH) systems in the context of 
non-abehan QH states, primarily because they open up 
unprecedented possibilities for reahzing robust topological 
. ^ quantum computers [1] . One of the most promising can- 
, didates for the experimental realization of a non-abelian 
' QH state is the v = b/2 state which was initially believed 
5^ I to be described by a Pfafhan (Pf) state [2], but now has a 
few other states [3] as plausible competitors. 

Amongst the possible non-abelian QH states corre- 
sponding to various filling fractions, the v — b/2 state 
is relatively easier to access in an experiment. Hence, 
most theoretical proposals and experimental attempts re- 
lated to probing of the non-abelian QH states focus on the 

= 5/2 state, and they are primarily related to transport 
measurements on the edge states. A complication that 
arises while making measurements on edge state corre- 
sponding to the half-filled Landau level {half -edge), which 
hosts the non-abelian quasi-particle, is that it is always 
masked by the two edge states corresponding to the two 



filled Landau levels. This is quite unlike the edge states of 
any fractional QH state in the first Landau level, for ex- 
ample, the u = l/i state. So conductance measurements 
on such states will be in general difficult as far as directly 
probing them is concerned. 

In this Letter, we propose a set-up involving a point 
contact embedded in a line junction which naturally gets 
rid of the two filled Landau levels by fully backscattering 
them at the point contact, and lets the half -edge transmit 
perfectly, without the need for fine-tuning of any gate volt- 
age controlling transport across the point contact. When 
inter-edge interactions are introduced in the point contact 
geometry, the renormalization group flow automatically 
takes the system to this situation, which turns out to be 
the stable fixed point of the interacting edge theory. 

Another motivation for studying the point contact ge- 
ometry with inter-edge Coulomb interactions comes from 
the experiments of Dolev et al. [4] and Radu et al. [5]. 
The shot noise measurements by Dolev et al. confirmed 
the charge of the quasi-particle excitation in the half-filled 
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Landau level in the u = 5/2 state to be e/4. This measure- 
ment is unlikely to got influenced by the presence of inter- 
edge Coulomb interaction. But, at the same time, this 
measurement by itself does not confirm the non-abelian 
nature of the state. On the other hand, the experiment 
by Radu et al. attempted to measure the power law 
scaling exponents associated with quasi-particle tunneling 
across a point contact. This measurement accompanied 
by the previous one on the quasi-particle charge can defi- 
nitely help to decide which of the proposed candidate wave 
functions actually describe the ly ^ 5/2 state QH state. 
But the problem is that the power law scaling exponents 
can get influenced by the inter-edge Coulomb interactions, 
leading to non-universal values. Indeed, the experiment by 
Radu et al. observed non-universal values for the power 
laws. One of the prime reasons for such non-universal be- 
havior could lie in the details of the inter-edge Coulomb 
interaction. Hence, this aspect of the problem is worth 
exploring. In general, the effects of inter-edge Coulomb 
interactions on the transport in edge states across a point 
contact have been studied in the past and have been shown 
to be non- trivial [6,7]. 

We will now study the conductance across a point con- 
tact in the presence of inter-edge Coulomb interactions be- 
tween both co-propagating and counter propagating edge 
modes of the half-filled Landau level (assuming a Pf wave 
function [8]) and the two fully filled Landau levels (as- 
suming a chiral bosonic description for the edges), within 
a sharp edge scenario (i.e., with no edge reconstruction). 
Since a line junction is made by using metallic gates, the 
long-range part of the Coulomb interaction is screened. 
We will therefore model the Coulomb potential by a short- 
range density-density interaction. As mentioned above, 
for weak inter-edge Coulomb interactions, we will show 
that the stable fixed point corresponds to an intermediate 
state in which the edge modes of the fully filled Landau 
levels are completely backscattered, while the edge cor- 
responding to the half-filled Landau levels is completely 
transmitting at the point contact. This results in a fixed 
point conductance of e^/ (2/i) in the low temperature limit. 
This situation is to be contrasted with the set-up where a 
point contact is pinched off in a QH liquid with a single 
edge state, for example the u = 1/3 QH state [9] . Here it is 
known that there arc only two fixed points (FPs) , one cor- 
responding to a perfectly transmitting point contact which 
is unstable, and the other corresponding to a completely 
opaque point contact which is stable (for weak inter-edge 
interactions). One can invert the stability of the two FPs 
by introducing strong enough inter-edge interactions in 
a line junction geometry [9], but no fixed point with in- 
termediate transmission emerges in the theory. But in the 
case of the Pf edge, because of the multiple edge structure, 
there are fixed points which arc neither fully transmitting 
nor fully opaque. Once we introduce even weak inter-edge 
Coulomb interaction, remarkably one such fixed point with 
intermediate transmission and reflection becomes the sta- 
ble one. 



In our theoretical model each edge ofau = 5/2 QH state 
consists of an edge corresponding to = 1/2 and, say, 
spin t, an edge with u = 1 and spin |, and an edge with 
v = 1 and spin | as we move outwards starting from the 
bulk. [This spatial ordering of the edges follows from the 
decrease in density on moving from the bulk towards the 
edge, and from the Zeeman splitting due to the coupling 
of the electron spin to the magnetic field.] The edge corre- 
sponding tov = 1/2 is described by a charged chiral boson 
(pi and a neutral (Majorana) fermion ^ which has scal- 
ing dimension 1/2; in addition, an Ising spin field cr with 
scaling dimension 1/16 is required to describe the quasi- 
particles with charge e/4 [8]. The electron annihilation 
operator on the v = 1/2 edge is given by ifje^i = ^e*^"^^ 
and has scaling dimension 1/2-1-1 = 3/2 in the absence 
of interactions. The quasi-particle annihilation operator 
on the V = 1/2 edge is given by = (je^'^i/^^^), and 

has scaling dimension 1/16 -t- 1/16 = 1/8 in the absence 
of interactions. The two edges with v = 1 can be written 
in terms of charged chiral bosons ^2 and 03 . The elec- 
tron operators on these edges are given by ^e,a = e*'^° 
(a = 2,3), and both their scaling dimensions are 1/2 in 
the absence of interactions. Since the Majorana fermion ^ 
and the Ising spin a are neutral, their scaling dimensions 
will not change when we introduce Coulomb interactions 
between the charged fields. However, the scaling dimen- 
sions of operators like e*^"*^" depend on the strength of 
the interactions between counter propagating fields and 
will change when Coulomb interactions are introduced. 

We now consider what happens if a i/ = 5/2 QH liquid 

is split into two by applying a gate voltage along two semi- 
infinite lines with a gap (point contact) separating them; 
this depletes the electron density along those regions which 
are called line junctions. We denote the six edges from 
top to bottom of a 1/ = 5/2 edge with a line junction as 
1 {v = 1/2 edge, spin t), 2 {v = 1, spin J.), 3 {v = 1, 
spin 1), 4 {v = 1, spin "f), 5 {v = 1, spin J,), and Q [v = 
1/2, spin t); the edges of the other v = 5/2 edge with 
a line junction will be similarly denoted as l',2',- • • ,6'. 
The different edges of the two line junctions can now be 
connected to each other in several ways. Assuming that 
only edges with the same spin can connect to each other 
and that there arc no crossings between different edges, 
there are four possible configurations as shown in Figs. 
1 (a-d); all of them represent fixed points in the theory. 
They correspond to the following boimdary conditions at 
the location of the point contact, called a; = 0, between the 
different bosonic fields: (a) 0a = 0a' for a = 1,2, ••• ,6, 

(b) (f>a = 0a' for a = 1,2,5,6, 03 = 04, and 03/ = 04/, 

(c) 01 = 01', 06 = 06', 02 = 05, 03 = 04, 02' = 05', and 
03' = 04', and (d) 01 = 06 , 02 = 05 , 03 = 04 , 01' = 

06' , 02' = 05' , and 03' = 04' . These conditions can be 
written in terms of a current splitting matrix M as follows. 
We define two vectors 0/ and 0o, denoting incoming and 
outgoing fields, as 0^/ = (0i 02 03 06' 05' 04'), and 
4'iO = i'p4 4*5 4*6 </'3' 4'2' 01')- These are related at a; = 
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Fig. 1; Pictures of different configurations of two v = 5/2 edges 
split by line junctions which are themselves separated by a 
point contact in the middle {x = 0). The six edges (three 
incoming and three outgoing) are marked as 1 — 6 on the left 
and 1' — 6' on the right; they are connected to each other at 
j: = in four possible ways shown in (a-d). The black regions 
denote the line junctions; the other shades show the filling 
fractions 0, 1, 2 and 5/2 from darkest to lightest, the white 
regions denoting the v = 5/2 bulk. 



by a 6 X 6 real orthogonal matrix A4 as (/>io = X]j M-ijipji. 
Current conservation implies that each column of M. must 
add up to 1. 

We will study the stability of the configurations in Fig. 
1 with respect to tunneling between different edges. To do 
this, we will consider the following tunneling operators at 
the point a; = between nearby edges with the same spin 
in the configurations shown in Figs. 1 (a-d): 

(a) Oi = ?Al^4'0e,3 = exp[i((/)3 - (j)^)], 

(b) O2 = V'I,5V'e,2 = exp[i((?!)2 - 05)], and O3 = V'l^a'V'cS = 
exp[i(03 - ^3')], 

(c) O4 = -06,2' V'e, 2 = exp[i(02-02')], and O5 = V4,6V'e,l = 
6^6 exp[^^/2((/)l - ^g)], 

(d) Oe = -01,1' ■0e,i = exp[iV2(0i - 0iO], and O7 = 
'^Ip.i'^qpA = f^i^i' exp[i(0i - 0i/)/(2a/2)]. 

Of these seven operators, Oi — Og correspond to electron 
tunneling, while O7 corresponds to quasi-particle tunnel- 
ing. In the absence of interactions, we can easily compute 
the scaling dimensions di of the operators Oi. We find 
that di = d2 = ~ = 1 (marginal), d^ = de — 3 
(irrelevant), and dj — 1/4 (relevant). For weak interac- 
tions, O5 and Oq (O7) will continue to remain irrelevant 
(relevant); thus Fig. 1 (d) is an unstable FP. We will 
study below whether the operators Oi — O4 will become 



relevant or irrelevant for weak interactions. We note that 
if there are density-density interactions only between co- 
propagating modes, then none of the scaling dimensions 
would get modified. It is therefore important to consider 
interactions between counter propagating modes as well. 

In any of the configurations shown in Fig. 1, there are 
three right moving and three left moving bosonic fields 
either far to the left or far to the right of the point contact. 
Ignoring the two Majorana fermion fields, the Lagrangian 
density of the six bosonic fields can be written as 



^ / 6 6 \ 

\a=l a,b=l J 



(1) 



where ea = 1 (—1) for the three right (left) moving fields 
respectively. In Eq. (1), we have absorbed the velocities in 
the diagonal elements Kaa for simplicity; three of the ve- 
locities will be positive and three negative. [For repulsive 
interactions between edges a and 6, we have ta^bKab > 0]. 
The densities and currents are given by pa — {ea/2'K)dx(f>a 
and ja = —{ea/2Tr)dt4>a', these satisfy the equations of 
continuity. To quantize the theory, we impose the equal- 
time commutation relations [(paix) , pb{y)] = —iSabS{x — y). 
These will be satisfied if the fields are given at time 
t = by 0a (x) = f [cake''^"' + cl^e-""'^-^], where 

[cafe,4fe'] = k 6{k - k'). 

The Lagrangian in Eq. (1) can be diagonalized either 
by a Bogoliubov transformation [10] or, equivalently, by 
solving the equations of motion. We assume that the fields 
take the form 0^ = Xaae^''^^~'"°'*\ where the index a (= 
1,2, - • • ,6) labels the different solutions, and Va are the 
corresponding velocities. The Xaa (which are real) and 
the Va can be obtained by solving the equations 



6 

E 

b=l 



K„ h Xh 



X„ 



(2) 



If the problem is well defined (namely, the interactions be- 
tween the counter propagating modes are not too strong 
compared to the interactions between co-propagating 
modes), the velocities Va will all be real, with three of 
them being positive (right moving) and three being neg- 
ative (left moving). We introduce a label Ca = 1 and —1 
for the eigenmodes with Va > and < respectively. The 
eigenvectors can then be normalized so that 



EaEa Xaa = Saf3 

a=l 
6 

^ ^ ^a^a ^aa -^ba — ^ab • 



(3) 



We introduce the projection operators Paa,± = (1 i 
tata)l^- The original and new (Bogoliubov transformed) 
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annihilation operators Cak and Cak are related as 

6 

^ak ^ ^ [-^aa,+ ^ak ^aa,— ^ak\ ' 

0=1 

6 

Cak = ^ Xaa [Paa,+ Cak + Paa- 4fe] • i^) 

a=l 

Using Eq. (3), we can verify that [cak,Cbk'] = and 
[cak, = Sab k 5{k - k') imply that [cak, cpk'] = and 
[cafc, cjjj,,] = 5ap k 6{k — k'). Eq. (4) implies that the orig- 
inal and new bosonic fields arc related at the point x = 

as 4'a = Yfa=l <^af'aXaa4'a and = J2a=l Xaa4'a- 

We will choose the same vahies of the parameters K^b 
for the six edges on the left and on the right of the con- 
figurations in Fig. 1; this ensures that the same matrix 
Xaa will govern the fields on both sides of the point con- 
tact, (j)a, 4'a and (j)a', (t>a'- Further, we will assume for 
simplicity that Kab is mirror symmetric under a reflection 
about the fine junction, i.e., Kafi = Ki-a,7-b for all val- 
ues of a and h. For any such choice of the parameters Kab, 
we can compute the scaling dimensions of the tunneling 
operators Oi — O-j mentioned earlier as follows. We first 
find the eigenvectors Xaa as indicated in Eqs. (2) and (3). 
We can then relate the Bogoliubov transformed incoming 
and outgoing fields to the original incoming and outgoing 
fields. These take the forms 

6 

^ii = XI [^'-J' ~ ^"-i ^i^^ ' 

6 

4'iO = ^ [Cij (pjo - Dij (Aj/] , (5) 

where the matrices A — D can be constructed as follows. 
If the 6x6 matrix Xaa has a block form 

^ = ( X3 5 ) . 

where the Xi's are 3x3 matrices, the matrices A — D have 
the block forms 

(t ;?J. l)-^'^ 

Since (pio and (pu are related at x = as (/)o = A^t/)/, Eq. 
(5) implies that (pi = {A - BM)~^4>i and (po = M{A - 
BA4)~^(j)i . This gives a relation between the twelve fields 
<pa and (pa' and the six incoming Bogoliubov fields (pu 
which can be taken to be mutually independent. Since 
the scaling dimension of exp(z qi<pii) is (1/2) qf, we 
can find the scaling dimension of the exponential of any 
linear combination of the fields (pa and (pa' ■ 

The scaling dimensions of the operators Oi — O7 can now 
be computed. The computation is somewhat involved for 



the configurations shown in Figs. 1 (b) and 1 (c), but is 
simple for Figs. 1 (a) and 1 (d). The scaling dimension 
of the operator Oi — cxp[i{(p3 — ^4)] in Fig. 1 (a) is 
given by di = (1/2) Y!i=iiX3a - X^a? , while the scaling 
dimensions of the operators 0% and O7 in Fig. 1 (d) are 
given by rff, = 1 + 27 and d-; = (1 + 7)/8 respectively, 
where 7 = {Xn + X^ef + (X12 + Xir^f + {X13 + X^?. 

To be explicit, let us discuss a specific form of the in- 
teraction parameters given by the matrix Kab- We take 
all the diagonal entries Kaa equal to vq, the oflf-diagonal 
entries corresponding to all pairs of co-propagating modes 
equal to Vi, and the off-diagonal entries corresponding to 
all pairs of counter propagating modes equal to —V2, where 
the three parameters Vi are all positive (corresponding to 
repulsive interactions). Namely, K has the highly sym- 
metric form 
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(8) 



We then find that the Bogoliubov transformation simpli- 
fies if we first define the linear combinations 



^1 = {^1 + h + h), 

*2 = (</>! - <P2), 

*3 = -^{(pl + (p2 - 2 ^3), 

$4 = (06 + (t>5 + ^4), 

*5 = {^6 - (Ph), 

$6 = {(po + (p5 - 2 (Pi). (9) 



The corresponding Bogoliubov transformed fields are ^j. 
We find that $1 and $4 both have the velocity Vi = 
[vo + 2wi)2 — 9^2, and they are related to the original 
fields $1 and $4 as 

l-i = cosh^ $1 - sinh^ $4, 
$4 = cosh0 $4 — sinh^ $1, 

where e'^^ = > + (10) 

V + 2ui -I- 3w2 ^ ' 

Note that > if the interaction V2 between counter 
propagating modes is repulsive. All the remaining fields 

'1'2,3.5.6 have the velocity V2 = vq — vi, and they arc not 
affected by the Bogoliubov transformation. The validity of 
all these relations requires that vq > vi and vo+2vi > 3v2- 
We then find that the scaling dimensions of the operators 
Oi, Oq and O7 are given by di = (2 -|- e~^'')/3, de = 
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(7 + 2e2^)/3, and ^7 = (5 + e^^)/24.. We see that d is 
relevant if > Q, Oq'is always irrelevant, and O7 is relevant 
as long as e^^ < 19, i.e., if the interaction is not very 
strong. The scaling dimensions of the other four operators 
02,3,4,5 can be found numerically as indicated above. We 
find that O2 is relevant while 03,4,5 are irrelevant for all 
values of ^ > 0. This implies that the configuration in Fig. 
1 (a) is unstable, 1 (d) is unstable if V2 is not very large, 1 
(b) is unstable, and 1 (c) is stable. In Table 1, we present 
the scaling dimensions of the seven operators for a number 
of values of er"^^ which is a measure of the strength of the 
interactions between the counter propagating modes. 
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1 


di 


0.73 


0.80 
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0.93 
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d2 


0.64 


0.75 


0.85 


0.93 
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ds 


1.36 


1.25 


1.15 


1.07 
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d^ 


1.57 


1.33 


1.18 


1.08 
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d5 


1.86 


2.33 


2.64 


2.85 
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de 


5.67 


4.00 


3.44 


3.17 


3 


d7 


0.42 


0.31 


0.28 


0.26 


0.25 



Table 1. Scaling dimensions di of the seven operators for 
a number of values of e~^^ < 1 (repulsive interactions). 

We have numerically studied the effects of some other 
forms of the matrix Kab- For a large range of interactions 
between all the edges, we find that the configurations in 
Figs. 1 (a), (b) and (d) are unstable to the tunnclings 
described by the operators Oi, O2 and O7, namely, their 
scaling dimensions di, ^2 and ^7 are all less than 1. (The 
operators O3 and Og are irrelevant). However, the configu- 
ration in Fig. 1 (c) is stable under the tunnelings described 
by both O4 and O5, namely, their scaling dimensions c?4 
and dc, are larger than 1. These results may be expected 
since it is known that weak interactions make backscat- 
tering between two perfectly transmitting v = 1 edges 
relevant, and tunneling between two perfectly reflecting 
V = 1 edges irrelevant [11]. The stability of the config- 
uration in Fig. 1 (c) has a remarkable consequence. If 
wc measure the Hall conductance G between the left and 
right halves of the system, only the u = 1/2 mode would 
contribute since the v = 1 modes are completely backscat- 
tered; we should therefore obtain a low-temperature value 
of G equal to e^/{2h). An experimental confirmation of 
this would provide the first example in a QH system of 
such a value of G. 

Experimentally, two different possibilities exist depend- 
ing on whether we start at high temperature with the con- 
figuration in Fig. 1 (a) (all modes fully transmitting) or 1 
(d) (all modes fully backscattered). If we start with Fig. 
1 (a), we have G = 5e^/(2/i) at high temperature. Then 
if switch on a small amount of backscattering at the point 
contact, then a RG argument implies that as the tem- 
perature T is decreased, G will decrease from 5e^/(2/i) 
as l/T^-'^^ (region (i) in Fig. 2). This will continue till 
G flows at low temperature to /{2h) as in Fig. 1 (c). 




Fig. 2: Variation of Hall conductance G (in units of /h) with 
temperature T (in arbitrary units) for two possible starting 
points at high temperature. The upper curve shows a RG flow 
from am unstable FP at 5e^/(2/i) to a stable FP at e^/(2/i) at 
low temperature, while the lower curve shows a flow from an 
unstable FP at to /(2h) at low temperature. The regions 
(i-iv) are explained in the text. 



Also note that, at some intermediate temperature, the sys- 
tem will go through the configuration in Fig. 1 (b) where 
G = 3eV(2/?,).] As T ^ 0, G will approach e^/{2h) from 
above as T''*"^ (region (ii) in Fig. 2), since this results 
from the vanishing of the irrelevant tunneling O4 . On the 
other hand, if we start with Fig. 1 (d) at high tempera- 
ture, G is equal to and then switch on a small amount 
of tunneling at the point contact; it will then increase as 
l/T^^''" (region (iii) in Fig. 2) as the temperature is re- 
duced. Finally, it will approach /{2h) from below as 
T'*'^"^ at low temperature (region (iv) in Fig. 2), since 
this follows from the vanishing of the irrelevant tunneling 
O5. From an experimental point of view, it might be ex- 
pected that the line junction formed by the gates would 
allow electrons to tunnel across it, leading to a disorder 
dominated phase. But it may be possible to avoid this 
by fine etching of the two-dimensional electron gas along 
the line junction beneath the gates. This should allow the 
scenario we have proposed to be experimentally accessible. 
Note that we have not considered the outer edges of the 
i/ = 5/2 bulk which lie far away from the line junction as is 
depicted in Fig. 3. This would be justified in a transport 
measurement set-up in which the top, bottom and the left 
contacts are at the same voltage, and the bias is applied 
at the right contact (see Fig. 3). This will ensure that the 
current that is collected at the left contact is solely due 
to the transport taking place across the line junction and 
not due to the outer two edges, and hence can confirm our 
prediction. 

To conclude, we have shown that for the j/ = 5/2 state, 
the presence of inter-edge Coulomb interactions can lead 
to a stable fixed point with a fixed point conductance of 
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Fig. 3: Schematic picture of a four-terminal set-up which allows 

2 

for the measurement of a conductance of arising solely due 
to transport across the line junction alone and not the outer 
two top and bottom, left and right moving edge states. The 
four gray patches represent the ohmic contacts. The deep blue 
region represents the ly — 5/2 Hall states, and the lighter shades 
represents the region of the other two integer filling fractions. 

Gh ~ e^/(2ft.), which uniquely identifies a Hall plateau 
with an effective filling fraction of half. We have pre- 
dicted the power laws of the deviations of the conductance 
from its fixed point value, as functions of the interaction 
strengths between the various edge states. We have also 
provided an explicit experimental set-up which can check 
the predictions that we make in this letter. In general, 
the strategy outlined here can be applied to unmask any 
fractional Hall edge masked by integer Hall edge states. 

SD thanks Moty Heiblum for discussions. SD and DS 
thank DST, India for financial support under Project No. 
SR/S2/CMP-27/2006. 
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